
 

In
Addition

P al 9 Pills 2 P.tt P

g
hi Jiata A YES

P Ps
MHMksptaxtb.ltc

y sitasitbsite
sitta i sit o

slittitas it a 11 a t t

If P Pa x y 3443911

Example y 013 5 91 generator P 3 3 2P 9 271

3P 4P É SP 61 2
4,912

Height

If 9 godlab Hq max lal 161 hg InHlg

If p x y is a rationalpoint on E hp h x

Mordell'sTheorem

If E y 13 91 tbolts ffl tax'tbatc hasnodoubleroot

then E Q xy Fa y 1 U 0 is finitelygenerated



Lemma 1 UP so P h P Po 2hP C

Lemma 2 I UP h P 4h P C

Lemma 3 WeakMordell EQ 2ECQ is finite

PfofThm Let Q Q Qnbe a setof representatives

for ECON2EQ Lee CiCa belargeenough sothat

Visien P h P Q 2h P C

P hkp 4hP Ca

Forany P considerthe sequence Po PiP2 where Po P

Pn Qin t2Pa forsome in

So 2h Pn C h Pu Qin h2Pa 4hPa Ca

h Pn 1h Pu É
h Pan hPu as long as hB C.tl

Thus E Q isgeneratedby Q Qn U PEEN hp C th



Weal Mordell

If E y sit at'tbot can show that

9 EQ Q Q

0 1modQ
ʰ

1,7 amod Q
ʰ
if 9 0,0

o o b mod Q

is a homomorphism with kernel 2E Q and finite image

The proofof Kerf ZEQ in SilvermanTateis a bitadhoc

Wefollow Cassels and 31 Forsimplicity assume E y t astb

wherefall stattb irreducible WLOGa.be 2

Let be a rootof fell and K Q O

Prop 1 P E Q K K

0 1mod K
is a homomorphism

11,9 s fmod K

It P ohYi Ps ohya P GlsYs

Sh Sh As are hootsof data sit alt b

O X O are rootsof



Katattu Hef alolt0 tb

41 0 t f t 01 otaftb xo.tn

Ota mod K

So 0 0 oh f f modk

oh f oh 0 mod k

Prop 2 Kerry LE Q

Pf Suppose P doTo so0 po'tgotr g ftp.q.reQ

ByEuclideanalgorithm fat saltt g t uatu

Ott g t attu

0 e got uatu

Ott Glo o utter

So is a root of hell site to s Custus

f x irreducible somusthave h t 5461

Sitt to 31 as vs STG



alt5 x x fly

5 x d ffl 5 5

So the equation 41 1 111 has roots_Is 5,1
so P 2P for some Powith sl coordinate 5

Prop3 Imp is finite

Pf Byelementaryargument P x y 12
gidce.mil
gadleus

Let f x X f x 0 1 0 so

E E G f E o
m m Oe m o e m fey

d 202

Let L Q A A In Or have recallthat

4 m te m de m fiery
PIG IPJ

Write m te IJ where I square free If P is a

primeidealdividing I then itdivides4mde or m t e

If P m t e then P 10 oct and PKA 01m

coACet A 074m



If PX QO then P e andP m contradictionsincegadlem

Let F K bethegroupof non zero fractional
ideals in K

E Q KYK 7114 FIK FCL FLLY

E E 0 E 0 4 02
What we have shown if m Oe IJ and PII then

P 40 or P O O so there arefinitelymany possibilitiesforP

so Immoloy is finite

Kerry is finitebecause if P is aprimeideal in On that
becomes

a square in Onthen it ramifies andonly finitelymany primes

ramify

It remains to showthat Kerry is finite If αEK and

A I forsome IEF K By finitenessofclassgroup there
are finitelymany possibilitiesfor I moduloprinciple ideal so

can fix in advance di hn sit forsome hi F β
forsome PEK then α Ripe forsome EEOK

Reference 17 RationalPoints on EllipticCurves Silverman Tate

27 Lectures on EllipticCurves Cassels



37MSEquestion3594791

47 slides onmywebsite


